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Abstract: This paper concerns with the problem of determining non-trivial integral solutions of the non-homogeneous bi-
quadratic equation with four unknowns given by 10xy+ 7z’ = 7w*‘.We obtain infinitely many non-zero integer solutions of

the equation by introducing the linear transformations.
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I. INTRODUCTION

The theory of Diophantine equations offers a rich
variety of fascinating problems. In particular, bi-
quadratic diophantine equations, homogeneous and
non-homogeneous have aroused the interest of
numerous mathematicians since antiquity[1-5]. In
this context, one may refer [6-19] for various
problems on the bi-quadratic diophantine equations
with four variables. However, often we come across
non-homogeneous bi-quadratic equations and as such
one may require its integral solution in its most
general form. It is towards this end, this paper
concerns with the problem of determining non-trivial

integral solutions of the non-homogeneous equation

with four unknowns given by 10xy +9z° =9w*.

II.METHOD OF ANALYSIS

The non-homogeneous bi-quadratic diophantine
equation with four unknowns

under consideration is
10xy +9z° =9w"* (1)

Different ways of obtaining non-zero distinct integer
solutions to (1) are given below:

Way 1:
Introduction of the linear transformations
x=2X+11T,y=-9T, z=X+10T 2)

in (1) leads to
X =10T* +w* 3)
Choice 1:

The above equation (3) may be expressed as
system of double equations

as presented in Table 1 below:

TABLE 1: SYSTEM OF DOUBLE EQUATIONS
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System 1 2 3 3
X, = ~(10F, +3g, ] + L (0, +3d
X+w’ 5T 10T 5T? 2 . V10
=—WI10f, +3
X—W2 2T T 2 Yo \/ﬁ(\/_ n gn)
1 2
Solving each of the above systems, the values of X, T Z,., = Z(\/m f, +3g, ) +4/10 (\/ﬁ f, +3g,
and w are obtained. In view of (2), the corresponding 1
values of x,yand z for each of the systems in Table 1 W, = _(3,fn ++/10g, ) . n=-10,12,...
are found. Note that the values of x,y,z, w obtained 2
satisfy (1). For the sake of simplicity and brevity, the
values of x,y,zand w satisfying (1), that are obtained where
through the system of equations in Table 1, are f = (19 +6410 ) ntl (19 —6410 ) n+l
exhibited in Table 2 as follows: 1 1
g, =(19+610)™- (19— 6v10)™

TABLE 2: SOLUTIONS

Choice 2:
‘ Observe that (3) is satisfied by
Syste | Solutions
m X=10m*+n*,T=2mn (4)
2 2 2
1 x=10802, y=—540> , z =810, w = 3a w'=10m"-n (5)
o) x=3960%, y =—1620 , z =279, w =90 Substituting the values of X and T from (4) in (2) , we
have
x=20m’+2n’>+22mn,y=-18mn,z=10m* +n° +20mn (6)
It is to be noted that, the values of m ,n should be w=3(*-b’)-2ab 9)
chosen such that the value
n=(’-b’*)+6ab (10)

of w in (5) is an integer. To obtain w in integers ,
Substituting (7) and (10) in (6), we have

assume
m=a’+b’ (7)
. x =44a" +108a” b’ +156a’ b+108ab’,
Write 10 as y=—18(a*—b*+6a’b+6ab’)
10=(3+i)(3-1) (8) z=31a*-9b* +54a’b* +132a’ b+108ab’
Using (7), (8) in (5) and employing the method of (11)
factorization, define Thus, (9) and (11) represent the integer solutions to

w+in=G+i)@+ib? D

from which, we get Note: 1
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In addition to (8), one may also write 10 as
10 =(1+31)(1-31)
In this case, the corresponding values of x, y, z and w
satisfying (1) are given by
x =104a* —28b* +12a* b’ +68a’ b+20ab’,
y=-18(3a*-3b*+2a’b+2ab’),
z=79a" —41b* +6a’ b’ +52a° b+28ab’,
w=a’-b’—6ab
Note 2:
To obtain the value of w in (5) in integers , taking
m=X+T,n=X+10T,w =3P (12)
in (5), we have
X*=10T* +P’

which is satisfied by

T=2rs,P=10r> —s*,X =10r" +s° (13)

Using (13) in (12) and employing (6), the

corresponding integer solutions to (1) are

Obtained as below:

X =44(101> +5*)* +1760 r* s> + 644rs(10r” +57) ,
y=—18[(10r* +s*)* +40 r’s* +22rs(10r’ +5°),

z=31(10r" +s*)* +1240 r’ s> +520rs(10r* +s%) ,
w=3(10r> —s%)

Note 3:

The value of w from (5) may also be obtained as

follows:

Write (5) in the form of ratio as
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w+3m m-n o

m+n w-3m P

B#0 (19

The above equation is equivalent to the system of

double equations

(a=3B)m+on—Pw=0
Bo+B)ym-PBn—oaw =0

Applying the method of cross multiplication, it is

seen that

m=—(a’ +B*),n=0’-p*> - 60p

(15)
w=3p" -3’ -20f (16)
Substituting (15) in (6), we have

x =44B* +1080° B* +12aB (9’ +13B%),

y=18(a’ +*)(a’ —p* -6ap),
z=-90* +31B" + 540’ B’ +120B (90’ +11p%)

(17)
Thus, (16) and (17) represent the integer solutions to
(1).
Note 4:

One may also write (5) in the form of ratio as

w+m 3m-n o

= =—,B=0
3m+n w-m J
Following the procedure presented above in Note 3 ,

the corresponding integer solutions

to (1) are obtained as follows:

x =104B* —280* +1202 B2 + 40P (50 +17B2),
y=—18(a’ +B*)(3B° —-3a* +20.P),

z=-410" +79B* + 60’ B> + 40P (70’ +13B%),
w=0o’-B>+60p
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Way 2:
The substitution of
x=90y (18)
in (1) gives
72 +10y* =w* (19)
which is satisfied by
y=2rs,z=10r> —s° (20)
w2 =10r? +s2 21
Now, note that (21) is satisfied by
r=2pq,s=10p> —q° (22)
w=10p° +q° (23)
From (22) and (20), one has
y=4pallop®-q’), } (24)
z=60p’*q” -100p* —q*
In view of (18)
x=36pq(10p’ —q’)
(25)
Thus, (23), (24) and (25) satisfy (1).
Note 5:
Write (19) as
Z°+10y° =w* *1 (26)
Assume
w=a’+b’ (27)
Consider 1 as
| B+i2410)3-i2410) 28)

49

Using (27) and (28) in 26 and employing the method
of factorization , consider

z+imy:(3+i2ﬁ)§a+iMb)4

Equating the real and imaginary parts and replacing a
by 7 A, b by 7 B in the resulting

equations & (27) , one has
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z=T[3(A*-60A”>B* +100B*)-20(4A° B—-40AB’)],
y=7T[2(A*-60A°B*+100B*)+3(4A’B-40AB%)],
w=49(A*> +10B%)

(29)

In view of (18) ,we have

x=9*7[2(A* —60A* B> +100B*)+3(4A° B—40AB’)

(30)

Thus,(29) and (30) represent the integer solutions to
(D.

Remark:

In addition to (28) , the integer 1 on the R.H.S. of (26)
may also be expressed

as below:
I (3+i4+/10)(3-i44/10)
169 ’
. (101> —s? +1+/10 2rs) (101> —s> —i~/10 215)

(10r* +s°)?
Repeating the process as in Note 5, different sets of
integer solutions to (1) are determined.
Way 3:
The substitution of

x =90y (31)

in (1) gives

22 +100y* = w* (32)

which is in the form of Pythagorean equation. Using
the most cited solutions of the Pythagorean equation,
and performing some algebra ,one obtains the
following two sets of integer solutions to (1):

Set 1:
X = 22500pq(p2 —qz)
y=250pq(p’ —q*)
z =[—2500p2q2 +625(p —qz)z]
w :25(p2 +q2)

Set 2:
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x—180pq(252p —2q ) y 9q2 6q2 3q2 2q2 q2

y=2pq(25p° -q°)

2=100p q° —(25p2 _q? )2 Consider System I. Taking

=5a

w=(25p” +q?) p
Way 4: it is seen that
Substituting x=100",y=9q" ,z=250" -q’ (34)

wl=p’+q’,z=p’—q’ (33) and
2 _ 2 2

in (1), it reduc4es to wo=250" +q (35)

5xy =18pq? Observe that (35) is in the form of Pythagorean
equation.Employing the most cited
which may be considered as the system of double

. . solutions of the Pythagorean equation ,one obtains,
equations as presented in Table 3 below: ythag 1

after a few calculations,

TABLE 3: SYSTEM OF DOUBLE EQUATIONS o= 5(r2 - Sz),q =50rs,r2s20 (36)
and
System | I II 111 v \Y% w=25(r" +s%) (37)
5% 2p% | 3p? 6p> | 9p> |18p Using (36) in (34) , we have
x =250(r> —s%)?,y =225001>s%,z=625(r* —s?)>,y =25001> 52, (38)

Thus (37) and (38) give the integer solutions to (1). exhibited below:

For simplicity and brevity, the Solutions from System 11 :

solutions obtained from the other Systems of double
equations in Table 1 are

x =375 (? -s*)*,y=150001"s>,z=625(r" —s°)*,y =2500r*s”,
Solutions from System III :
x =750 (1> =s*)*,y=7500r*s*,z=625(r" —s*)*,y=25001’s°,
Solutions from System IV :
x=1125(r* =s*)*,y=50001’s”,z=625(r" —s*)*,y =2500r*s”,
Solutions from System V :
x =2250 (r* =s*)*,y=25001"s*,z=625(r> —s*)*,y=25001" s>,

Way 5: Treating the above equation as quadratic in x and
solving for x, we have

z=x—y (39) x:é[@iW] (40)

in (1), it is written as . . .
) ) ) It is possible to obtain y and w so that square-root on
9x” —8xy+9y" -9w" =0 the R.H.S of the above equation is eliminated.

Substituting
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Knowing the values of yand w, the corresponding
values of x and z are obtained from (40) and (39).

A few illustrations are given below:
1.
x=36*33a”,y=9%33a’,z=27*33a’ ,w=33a

2.
x =-28%33a’,y=9%33a’,z=-37%33a’,w =33a

3. x=72a°,y=8la’,z=-9a’,w=9a

4.
x =161s(651° —s*)+2601’s> —(651° —=s%)>,
y=36rs(651> —s%),
z=-20rs(651° —s*)+2601>s” — (651 —s*)*,

w =(651" +5%)

5.
X =161s(651r> —s)—=2601>s> +(651° —s*)°,
y=361s(651" —s%),
z=-20rs(651r> —=s*)—=2601>s> + (651> —=s*)*,
w =(651> +57)

II1I.CONCLUSION

In this paper, a search is made for obtaining different
choice of integer solutions to non-homogeneous bi-
quadratic diophantine equation with four unknowns
10xy+9z> =9w* . To conclude, as bi-quadratic
equations are rich in variety, the researchers may
search for integer solutions to the other types of bi-
quadratic equations with variables greater than or
equal to four.

REFERENCES

[1]Dickson L.E., History of Theory of Numbers, Vol.11, Chelsea publishing
company, New York (1952).

[2]Mordell L.J., Diophantine equations, Academic press, London (1969).

[3]Carmichael R.D., The theory of numbers and Diophantine Analysis, Dover
publications, New York (1959).

[4]Telang S.G., Number theory, Tata Mc Graw Hill publishing company, New
Delhi (1996).

[5]Nigel, D. Smart, The Algorithmic Resolutions of Diophantine Equations,
Cambridge University press, London (1999).

ISSN: 2957-3920
Volume 1, Issue 5, September 2022

[6]Gopalan M.A. and Pandichelvi V., On the Solutions of the Biquadratic
equation (x*—y*f =(z*-1f + w* Paper presented in the
international conference on Mathematical Methods and
Computation, Jamal Mohammed College, Tiruchirappalli, July 24-
25,2009.

[7]1Gopalan M.A. and Shanmuganandham P., On the biquadratic equation
Impact J.Sci tech, 4(4): 111-115, 2010.

x'+yt+zt=2wt
[8]Gopalan M.A. and Sangeetha G., Integral solutions of Non-homogeneous
Quartic equation y¢ _ y4 = (202 + 20+ 1)(z? - w?) » IMpact J.ci Tech,
4(3): 15-21, 2010.
[9]1Gopalan M.A. and Padma R., Integral solution of Non-homogeneous
Quartic equation x4 _ ¢ —,2 2, Antarctica J. Math., 7(4): 371-
3717, 2010.

[10]Gopalan M.A. and Shanmuganandham P., On the Biquadratic Equation
X +yt+ (x+y)Z =2(k> +3"w*, Bessel J. Math., 2(2): 87-91,
2012.

[11]Gopalan M.A. and Sivakami B., Integral solutions of quartic equation

with four unknowns x* 4y’ +7' =3xyz+2(x +y)w’ .
Antarctica J. Math., 10(2): 151-159, 2013.

[12]Gopalan M.A., Vidhyalakshmi S. and Kavitha A., Integral solutions to the
bi-quadratic equation with four unknowns

(x+y+z+w) =xyzw+1, IOSR, 7(4): 11-13,2013.

[13]Vidhyalakshmi S., Gopalan M.A. and Kavitha A.,On the integral points of

the biquadratic equation with four unknowns
(x - Y)(Xz + y2)+ (x2 - Xy + yz)z =12zw*, SIPMS 1(1): 19-21,
2014.

[14]Meena K., Vidhyalakshmi S., Gopalan M.A. and Aarthy Thangam S., On
the biquadratic equation with four unknowns x4 y*=397w° ,

Inter national Journal of Engineering Research Online (ijoer), 2(1):
57-60, 2014.

[15]Gopalan M.A., Sangeetha V. and Manjusomanath, Integer solutions of
non-homogeneous bi-quadratic equation with four unknowns
4(x3 + y3)= 3 1(k2 + 3sz)zw3 , Jamal Academic Research Journal,

special issue: 296-299, 2015.

[16]Gopalan M.A., Vidhyalakshmi S. and ThiruniraiselviN.,On the
homogeneous biquadratic equation with four unknowns
x* +y* +2z* =32w*, Scholars Bulletin, 1(7): 177-182, 2015.

[17]Gopalan M.A., Vidhyalakshmi S., Thiruniraiselvi N., On the non-
homogeneous biquadratic equation with four unknowns
2()(3 + y3)z3 = 2(x2 + yz)z +10(x +y)w® , Jamal Academic
Research Journal, special issue: 291-294, 2016.

[18]Anusheela N., ShreemathiAdiga, and Gopalan M.A., On Bi-quadratic with
four unknowns sy 1 3,2~ 34, IJRSR, 9 (6(C)), pp. 27382-27385,
June 2018.

[19]A. Vijayasankar, Sharadha Kumar, M.A. Gopalan, On the Non-

Homogeneous Bi-QuadraticEquation with Four Unknowns
8xy+52° = 5w* » Journal of Xi‘an University of Architecture &

Technology, 12(2), Pp:1108-1115, 2020.

01220105002-6



